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ABSTRACT 

We describe those discrete groups with finite measure preserving actions that are 
stably orbit equivalent to such an action of a higher rank simple Lie group. This 
is applied to obtain information on the question of when ergodic equivalence re- 
lations are generated by a free action of a group. 

1. Statement of main results 

The  orb i t  s t ruc ture  o f  f inite measure  preserving act ions  o f  s imple  n o n - c o m p a c t  

Lie groups  exhibits a wide range o f  very s t rong r igidi ty proper t ies  ([4], [6], [7], for  

example) ,  which are  closely re la ted  to  var ious  ques t ions  concern ing  t ransversa l  

s t ructures  on  cer ta in  fo l ia t ions  [8], [9]. The  ma in  result  o f  this pape r  is to  es tab-  

lish ano the r  such result .  

THEOREM 1. I. Let G be a connected, simple Lie group with finite center and 

R - r a n k ( G )  ___ 2, and suppose M is an essentially free ergodic G-space with a finite 

invariant measure. Let F be a countable group, and suppose X is an essentially free, 

ergodic F-space with finite invariant measure. Assume the G-action on M and the 

F-action on X are stably orbit equivalent. I f  the group r admits a non-finite lin- 

ear representation F --, G L ( n , C )  for  some n, then there is a subgroup F' C F o f  f i-  

nite index and a finite normal subgroup N C F '  for  which F ' / N  is isomorphic to 

a lattice in A d  ( G ) .  
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(By a finite representation of  a group we mean one that factors through a finite 

quotient of the group. For various measure theoretic notions concerning orbit 

equivalence, stable orbit equivalence, etc., we refer to [2] and [3].) 

COROLLARY 1.2. Let G be as in Theorem 1.1 and A C G a lattice. Suppose I' is 

a countable group with a non-finite (finite dimensional) linear representation. I f  

A and r have essentially free finite measure-preserving ergodic actions that are or- 

bit equivalent, then there is a subgroup F' C I" o f  finite index and a finite normal 

subgroup N C I" for  which I " / N  is isomorphic to a lattice in Ad(G).  

COROLLARY 1.3. With the assumptions o f  Theorem 1.1 or Corollary 1.2, make 

the further assumption that r is residually finite, e.g., F admits a faithful finite- 

dimensional linear representation. Then there is a subgroup o f f  o f  finite index that 

is isomorphic to a lattice in Ad(G).  

Theorem 1.1 is also related to a classical problem formulated by Feldman- 

Moore in [3]. Namely, they prove in [3] that any countable Borel equivalence re- 

lation on a standard Borel space is given by the orbits of some countable group 

action. They then ask whether or not one can always find a free action of some 

countable group whose orbits are precisely the equivalence classes. A counterex- 

ample was given by S. Adams in [1]. However, this example left open the measure 

theoretic version of  the question, namely whether or not every countable Borel 

equivalence relation with an ergodic finite invariant measure could be given (a.e.) 

by an essentially free action of  a countable group. Theorem 1.1, combined with 

the results on orbit equivalence in [6] and Witte's results in [5], yields ergodic 

equivalence relations which cannot be given by the orbits of an essentially free ac- 

tion of a countable group which admits a non-finite linear representation. Namely: 

COROtLARY 1.4. (a) Let G be as in Theorem 1.1 with trivial center and suppose 

H is another connected simple Lie group with trivial center for  which we have 

G C H as a proper subgroup. Let A C H be a lattice, and let G act on H / A .  Let 

T C H / A  be a transversal to this action, and assume that T has finite measure with 

respect to the natural measures on transversals. (See [2]. ) Then the countable er- 

godic equivalence relation on T is not given by an essentially free action o f  any 

countable group which admits a finite-dimensional non-finite linear representation 

over C. 

(b) Let G be as in Theorem 1.1 and let A C G × G be an irreducible lattice. We 

can then view A as a dense subgroup o f  G by projection onto either o f  the coor- 

dinates. Let A C G be a set o f  finite positive measure, and consider the equivalence 

relation on A given by intersection with the left cosets o f  A. Then this countable 
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ergodic equivalence relation on A is not given by an essentially free action o f  any 

countable group which admits a finite-dimensional non-finite linear representation 

over C. 

This result of  course highlights the question as to whether one can remove the 

condition that the group admits a finite-dimensional non-finite linear representa- 

tion over C. If  so, one has a negative answer to the measure theoretic Feldman- 

Moore question. On the other hand, if not, and such groups exist, one then has 

groups naturally associated to a simple Lie group G which are not linear, but which 

have a number of  properties of  lattices. (For example, one can show that for such 

groups, normal subgroups are either finite or of  finite index.) 

Here is an application to foliations with a transverse geometric structure, which 

can also be deduced from the results of  [8]. 

COROLLARY 1.5. Let G be as in Theorem 1.1, and let Y be the associated sym- 

metric space. Let M be a manifold with either a locally free, essentially free, ergodic 

G-action or an ergodic foliation with leaves locally isometric to Y and almost ev- 

ery leaf simply connected. Let F be an infinite countable group acting isometrically 

and essentially freely, on a simply connected compact Riemannian manifold T. As- 

sume F admits a faithful linear representation. I f  the action or foliation admits a 

transverse (I', T)-structure, then the holonomy group (i.e., the image o f  the ho- 

lonomy homomorphism Ir l ( M)  ~ F) has a subgroup o f  finite index isomorphic to 

a lattice in Ad (G).  

2. Proof  of  Theorem 1.1 

We let G, M, r ,  and X be as in the statement of  the theorem. Since the actions 

are stably orbit equivalent, we may choose (possibly after discarding a r-invari- 

ant Borel null set) an injective Borel map O : X - ,  Mwhose  image is essential (i.e., 

intersects almost every G-orbit) and such that x , y  E X are in the same F-orbit if 

and only if O(x),O(y) are in the same G-orbit. We can then construct a cocycle 

ot : M x G -~ P such that if m, mg E 0 (X) ,  we have 0-1 (mg) = 0-1 (m)c~ (m, g). 

(Cf. [2] and [6, Appendix B].) 

LEMMA 2.1. (a) Suppose ~ : r --. L is a homomorphism into a separable group 

and that H C L is a closed subgroup. I f  ~r o a : M x G --, L is equivalent to a cocy- 

cle taking values in H, then there is a measurable F-map X - ~  H \ L ,  where I' acts 

on H k L  via o. 

(b) Suppose FI C I ~ is a subgroup and ~ ~ ~ where ~ ( M  × G) C I'1. Then rl is 

o f  finite index in I'. 
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PROOF. (a) If f : M  ~ L satisfies f ( m ) o ( a ( m , g ) ) f ( m g )  -1 = ~3(re,g) E H,  let 

h be the projection o f f  to H \ L .  Then h ( m ) o ( c t ( m , g ) )  = h (mg) .  Then for x E 

X and X E F, we have O(x)g = 0(xX) for some g, and a(O(x) ,g )  = X. If we let 

~b = h o 0, it follows that ~b(x)o(X) = ~b(xX), i.e., ~b is a I,-map. 

(b) By (a), there is a measurable I,-map 6 : X ~ F l \ i ' .  Since X has a finite I,- 

invariant measure, so will I,~\i,, f rom which it follows that I'1 is of  finite index. 

The next lemma is one that is of  independent interest and should be of  use in 

other situations. The proof  combines the standard proof that a Kazhdan group is 

finitely generated with some basic known techniques concerning cocycles. 

LEMMA 2.2. Suppose G is a Kazhdan group, M an ergodic G-space with finite 

invariant measure, and a : M x G ~ A is a cocycle where A is a countable group. 

Then ~ is equivalent to a cocycle taking values in a finitely generated subgroup 

of A. 

PROOF. Let A, be an increasing sequence of  finitely generated subgroups of  A 

whose union is A. Let 7r, be the unitary representation of A on L2(A/An) given by 

induction from the identity representation, and let 7r = Z ®Trn. Then 7r has almost 

invariant vectors. Let/3 = 7r o ct. Then the proof  of  [6, Theorem 9.1.1] shows that 

there is a/3-invariant function M-~ ( Z  ®LE(A/A,))I (where the subscript indicates 

the space of  unit vectors), and hence for some fixed n there is a/3-invariant func- 

tion M-~  (L2(A/A. ) I ,  say m --~fm. For any 6 > O, S m = [y  E A/A. [ [fm(Y)l > 61 

is finite and, for some fi, Sm is non-empty for m in a set of  positive measure. By 

the/3-invariance o f f  (which we recall asserts that/3 (g, m)fm = fg,.), and ergodic- 

ity of  G acting on M, it follows that for some 6 there is a positive integer k such 

that for almost all m E M we have card(Sin) -- k. Let 

¢ :M--*  Fk --- [subsets of  A/A,  of  cardinality k} 

be the map m ~ Sin. Then # is an a-invariant map for the natural action of A on 

Fk. Furthermore, A acts tamely on Fk. It follows by the cocycle reduction lemma 

([6, Lemma 5.2.11]) that a is equivalent to a cocycle taking all values on a sub- 

group A C A that is the stabilizer of  an element of Fk. It follows that A contains 

a conjugate of  A, as a subgroup of  finite index. Since A, is finite generated, it fol- 

lows that A is as well, proving the lemma. 

COROLLARY 2.3. Under the hypotheses o f  Theorem 1.1, I, is finitely generated. 

PROOF. By Lemma 2.2, ct is equivalent to 3 where/3(M x G) C 1,1, where the 

latter is finitely generated. By Lemma 2.1, I'1 is of  finite index in I,. Hence, I, is 

finitely generated as well. 
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The next lemma is a technical one which will allow us to pass with ease to sub- 

groups of  finite index if we wish. 

LEMMA 2.4. Assume the hypotheses of  Theorem 1.1. I f  A C F is a subgroup of  

finite index, then there is an essentially free ergodic action of  A with finite invari- 

ant measure, say on a space Y, which is stably orbit equivalent to an essentially free 

finite measure preserving action of  G. 

PROOF. First assume A is normal. Then the space of ergodic components of the 

A-action on X is finite, and F transitively permutes these components. Let Y C X 

be one such A-ergodic component,  and let A C F be the stabilizer of  this compo- 

nent. Then it is easy to see that the orbits of  A on Y are in natural bijective cor- 

respondence with the orbits of  r on X. Hence these actions are stably orbit 

equivalent, and so the action of  G on M is stably orbit equivalent to this action of  

A; i.e., we may assume A ---- F or, in other words, that A acts ergodically on X. The 

action of  A on X is then stably orbit equivalent to the product action of  F on 

X x F/A. But this is, in turn, easily seen to be stably orbit equivalent to the G ac- 

tion on M x F/A given by the cocycle a.  This is ergodic since X x F/A is, and 

clearly has a finite invariant measure. 

If A is not assumed to be normal, let A0 C A be a subgroup of  finite index 

which is normal in F. By the preceding paragraph, we can find a suitable action 

of  A0, say on Y. The induced action of A, say on Y x A/A0, is readily seen to be 

stably orbit equivalent to the action of A0 on Y, and hence to a suitable G-action. 

We now show that the non-finite representation of  F may be taken to be of  a 

special type. 

LEMMA 2.5. Under the hypotheses of  Theorem 1.1, there is a subgroup A C F 

of  finite index, a finite extension field k of  Q, a connected semisimple algebraic 

group H defined over k, and a (non-finite) homomorphism ~ : A --, H ( k )  with 

Zariski dense image. 

PROOF. We first claim that there is a non-finite representation o : F  -~ 

GL(n ,Q- )  for some n. By inducing a representation from a subgroup of  finite in- 

dex, it suffices to see there is a non-finite representation over Q -  for some sub- 

group of finite index in F. However, if every such representation is finite, then [10, 

Theorem 4.1] implies that every representation of  F over C is also finite, which 

contradicts our hypotheses. Let L be the algebraic hull of  a (F) .  By Lemma 2.4, 

we may replace F by a subgroup of  finite index if necessary and assume that L is 

a connected linear algebraic group defined over Q-.  Let H = L/rad(L) ,  which is 
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then a connected semisimple algebraic group defined over Q-. If the image of 

o(I ')  in H is finite, then o ( r )  is a finite extension of a solvable group, and hence 

is amenable. It follows via Kazhdan's property (namely by [6, Theorem 9.1.1]) that 

tro ot is equivalent to a cocycle into a finite subgroup F, and hence that ct is equiv- 

alent to a cocycle into o-~(F). By Lemma 2.1, this is of finite index in r ,  and 

hence F is of  finite index in o(I ' ) .  Thus o(I ')  is itself finite, which is impossible. 

Thus, X = proj o o is a non-finite homomorphism into H. Finally, by Lemma 2.2, 

I' is finitely generated, and hence x ( r )  is contained in H(k) for some finite exten- 

sion k/Q, and since X(I') is Zariski dense in H, Hwi l l  also be defined over k. 

We now use superrigidity for p-adic valued cocycles to deduce: 

LEMMA 2.6. We can obtain the conclusions of  Lemma 2.5 with k = Q, H with 

trivial center, and with the image of  X(A) discrete in H. 

PROOF. Replacing H by the algebraic hull of the image of X (A) under the em- 

bedding H(k) ~ (Rg/Q (H))(Q), where the latter is the restriction of scalars [6], 

we can assume k = Q. Since A is finitely generated, there will be only a finite set, 

say S, of primes appearing in the denominators of elements of X(A). We let Hf be 

the product of the groups H(Qp),  p E S. The diagonal embedding H(Q)  ~ H × 

Hf now yields a homomorphism A - ,  H x Hf with discrete image whose projec- 

tion to the first factor is simply X. Let p : A --, Hf be the projection of this homo- 

morphism to the second factor. By superrigidity for p-adic valued cocycles [6, 
Theorem 5.2.5] the cocycle p o ~ is equivalent to a cocycle taking values in a com- 

pact subgroup C C Hf. By Lemma 2.1, this implies there is a measurable A-map 

Y -~ Hf/C. (Here Y is as in the statement of Lemma 2.4 and et is the A-valued 

cocycle coming from the stable orbit equivalence in 2.4.) This implies there is a fi- 

nite A-invariant measure on Hf/C and, since C is compact, this in turn implies 

that the image of A in Hi is precompact; i.e., the homomorphism A -~ H x Hf ac- 

tually has image iri H x K where K is a compact group. It follows that the projec- 

tion to H, i.e. X, also has discrete image. Finally, we may clearly divide by the 

center of H and obtain the lemma. 

LEMMA 2.7. Perhaps by replacing A by a further subgroup of finite index in A, 
there is a homomorphism a : A  ~ Ad(G)  whose image is a lattice in Ad(G).  

PROOF. With H as in Lemma 2.6, we can write H(R)  = H~ x H2 where HI is 

an algebraically connected semisimple real algebraic group with no compact fac- 

tors and trivial center, and H2 is a compact semisimple Lie group. Let )xl be the 

composition of X with the projection of H(R)  onto the first factor. Then X1 (A) 
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is a discrete (owing to the compactness o f / / 2 )  Zariski dense infinite subgroup of  

H1. In particular, H1 is non-trivial. We claim that the cocycle ~1 o o~ also has al- 

gebraic hull HI .  (See [6] or I11] for the notion of  algebraic hull of  a cocycle.) If  

not, we let Q c HI be the algebraic hull and, by Lemma 2.1, there is a measurable 

A-map Y - ,  H~/Q. In particular, there is a A-invariant probability measure on 

H1/Q. By Chevalley's theorem [6], H 1/Q can be embedded as an orbit in projec- 

tive space for a rational representation of  H1, and hence by [6, Theorem 3.2.4] 

the stabilizers of  probability measures on H1/Q are real algebraic subgroups of  

//1. Since ~1 (A) is Zariski dense in Hi ,  there is an Hl-invariant probability mea- 

sure on HI/Q.  By the Borel density theorem [6] we then deduce that Q = H1. 

Applying superrigidity for real cocycles [6, Theorem 5.2.5], we deduce that there 

is a rational local isomorphism ~r : G - ,  HI such that ~,~. ct is equivalent to the 

cocycle a~(m,g )  = r ( g ) .  Thus, there is a measurable function f : M - ,  HI such 

that f ( m )  -1~,1 (o~ ( m , g ) ) f ( m g )  = a-(g). Let q be the projection Ht  --, )~t ( A ) \ H I .  

(We recall that X1 (A) is discrete in HI . )  It follows that h = q o f  satisfies h (rag) = 

h (m) , r (g ) ,  i.e., h : M ~  XI(A) \HI  is a G-map. Hence, there is a G-invariant 

measure on ~1 (A) \H1 with the action defined via It. Since Ir is a local isomor- 

phism, its image is a subgroup of  finite index, and it follows that ),1 (A) is a lat- 

tice in HI .  Passing to a subgroup of finite index, we can assume the image is a 

lattice in Ad(G) .  

To complete the proof  of  Theorem 1.1, it suffices to prove: 

LEM~A 2.8. Let e and A be as in Lemma 2.7, and let cz : M x G ~ A be a cocy- 

cle coming f rom a stable orbit equivalence as above. Then ker ( a) is finite. 

PROOF. Let A = a(A),  and consider the product action of  A on Y x A. This 

action is stably orbit equivalent to the action of  ker(o) on Y. Since the action of  

A on Y is essentially free and preserves a finite measure, to see that ker(o) is fi- 

nite it suffices to see that the equivalence relation defined by the action of  ker(a)  

on Y is type I (in the sense of  [2] or [3]), and hence that the action of  A on Y x 

A is type I. It is straightforward to check that this action in turn is stably orbit 

equivalent to the action of  G on M x A, where the action is given by the cocycle 

o .  ot : M x G - ,  A. It therefore suffices to see that this action is type I. Let i: A --. 

Ad(G)  be the inclusion. A straightforward application of  Fubini's theorem shows 

that it suffices to see that the action of  G on M x Ad(G)  given by i .  o .  o~ is of type 

I. However, as we have seen, i .  o * o~ is equivalent to the cocycle cz,~ where 7r : G 

Ad (G)  is a smooth homomorphism. Thus, it suffices to see that the product ac- 

tion of  G on M x Ad(G)  is type I, where g E G acts on Ad(G)  via translation by 
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7r(g). This action is stably orbit equivalent to the action of ker(Tr) on M, which 

is type I since ker(r)  is finite. 

This completes the proof of Theorem 1.1. 

3. Proof of the corollaries 

Corollary 1.2 follows from the theorem by applying the latter to the action of 

G induced from the given action of A. Corollary 1.3 follows from the definition 

of residual finiteness, namely, given a finite subgroup, one can find a finite index 

subgroup whose intersection with the finite group is trivial. Corollary 1.5 follows 

from basic facts about transverse structures for foliations, and the relation of ho- 

lonomy to orbit equivalence as explained in [8] and the references therein. 

We now consider Corollary 1.4. Consider the situation in (a), where we allow 

the more general condition that H is connected semisimple with finite center and 

A C H is an irreducible lattice. Suppose r acts on T essentially freely, giving the 

equivalence relation on T. By Theorem 1. l, there is a finite normal subgroup N C 

r such that r / N i s  isomorphic to a lattice A C Ad(G) ~ G. Then N C  r ,  being a 

finite group, acts tamely on T, and there is an action of A on T/N that is stably 

orbit equivalent to the action of r on T. It follows that the action of G induced 

by this action of A is stably orbit equivalent to the original action of G on H/A,  

and hence these actions are orbit equivalent. By [6, Theorem 5.2.1] these actions 

are in fact conjugate modulo an automorphism of G. It follows that modifying the 

action of G on H/A  by an automorphism of G, there is a measurable G-map 

H/A  --, G/A (since such a map exists for an induced action by definition). But by 

results of Witte [5, Corollary 5.6] this implies that as a G-space G/A is measurably 

isomorphic to K \ H / A '  where K is compact and A' D A is another lattice. This is 

clearly impossible. Taking H to be simple yields (a), and taking H = G x G yields 

(b) by the observation that the equivalence relation on the set A in the statement 

of 1.4(b) is stably orbit equivalent to the equivalence relation defined by A acting 

on G, which in turn is stably orbit equivalent to the action of G on (G x G)/A  

given by the embedding in the other component (i.e., other than the component 

onto which we are projecting A). 
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